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Abstract 

A good drawing of a graph G is a drawing where the edges are non-self-intersecting and each two edges 
have at most one point in common, which is either a common end vertex or a crossing. The crossing number 
of a graph G is the minimum number of pairwise intersections of edges in a good drawing of G in the plane. 
The n-dimensional augmented cube AQn, proposed by S.A. Choudum and V. Sunitha, is an important 
interconnection network with good topological properties and applications. In this paper, we obtain an 
upper bound on the crossing number of AQ„ less than ||4" — (2?!^ -f |n — 6)2"~^. 
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1 Introduction 

Let G be a simple connected graph with vertex set V{G) and edge set E{G). The crossing number cr{G) of a 
graph G is the minimum possible number of edge crossings in a drawing of G in the plane. The notion of crossing 
number is a central one for Topological Graph Theory and has been studied extensively by mathematicians 



including Erdos, Guy, Turan and Tutte, et al. (see [8|, Il2l l29l . |30[). The study of crossing number not only 
is of theoretical importance, but also has many applications in, for example, VLSI theory and wiring layout 



al importa 
problems (see Q, [11, S l27| ) 



However, the investigation on the crossing number of graphs is an extremely difhcult problem. In 1973, Erdos 
and Guy Q wrote, Almost all questions that one can ask about crossing numbers remain unsoJved." Actually, 



Garey and Johnson jll| proved that computing the crossing number is NP-complcte. Not surprisingly there are 
only a few infinite families of graphs for which the exact crossing numbers are known (see for example [IS HE, 01) • 
Therefore, it is more practical to determine the upper and lower bounds of the crossing number of a graph. In 
particular, the bounds of crossing number of some popular parallel network topologies with good topological 
properties and applications in VLSI theory would be of theoretical importance and practical value. Among all 
the network topologies, the hypercube Qn is one of the most popular interconnection network because of its 
attractive properties, such as strong connectivity, small diameter, symmetry, recursive construction, relatively 
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the crossing number of hypercubes has attracted many researches 



28|). 



small degree, and regularity [IjlIlL Naturally, tt 
for the past several decades (see a 0> S 

Concerned with upper bound of crossing number of hypercube, Eggleton and Guy in 1970 established 
drawing of Qn to show 



cr(Q„) < -4-^ 



L- 



-J2"- 



(1) 



However, a gap was found in their constructions. Erdos and Guy |8| in 1973 stated the above inequality again 
as a conjecture. In fact, Erdos and Guy further conjectured the equ ality of H]) holds. With regard to the latest 
progress of this conjecture, the interested readers are referred to [1, lol 33 1. 

The n- dimensional augmented cube AQn proposed by S.A. Choudum and V. Sunitha [HI in 2002 is an 
important variation of Qn- The augmented cube not onl y r etains some favorable properties of Qn but also 
processes some embedding properties that Q„ does not [l6l.Tl7l. . Thus, it has drawn a great deal of attention 
of research (sl. 13. [isl - flBI . 18 . 31.l32l|. Hence, to determine the bounds of the crossing number of the n-dimensional 
augmented cube AQn would be highly interesting. 

Our main result in this paper is Theorem ll.il which gives a general upper boimd of cr{AQn)- 
Theorem 1.1. For n>8, 

OR 7 

cr{AQn) < -4" - (2n2 + -n - 



2 Definitions and tools 

Let M be the set of real numbers. For any real numbers 7- < s, let = {t e M : 7- < t < s}. For integers c, c? e Z 
we set [c,d] = {t & : c < t < d). Let G be a graph, and let A and B be sets of vertices (not necessarily 
disjoint) of G. We denote by E[A, B] the set of edges of G with one end in A and the other end in B. li A = B, 
we simply write E{A) for E[A,A]. For any vertex subset A C V{G), let {A) be the induced subgraph of A. 
Suppose that the graph G is drawn in the 2-dimensional Euclidean plane R x R. Let u be a vertex of G. By 
Xu and Yu we denote the X and F-coordinates of m on R x R. 

A drawing of G is said to be a good drawing, provided that no edge crosses itself, no adjacent edges cross 
each other, no two edges cross more than once, and no three edges cross in a point. It is well known that 
the crossing number of a graph is attained only in good drawings of the graph. So, we always assume that all 
drawings throughout this paper are good drawings. Let A and B be two disjoint subsets of E{G). In a drawing 
D oi a, graph G, the number of the crossings formed by an edge in A and another edge in B is denoted by 
vd{A^ B), the number of the crossings that involve a pair of edges in A is denoted by vdIA). For convenience, 
vd{E{G)) is abbreviated to voiG). Then the following statement is straightforward. 

Lemma 2.1. Let A, B, G be mutually disjoint subsets of E{G). Then, 

iyDiC,AUB) = iyDiG,A) + jyDiC,B), 
i^DiAUB) = UD{A)+iyD{B) + iyD{A,B). 

The following observation will be useful for the calculations in Section 3. 

Observation 2.1. For any m > 1, let R and S be two non-horizontal bunches of m parallel lines starting 
from points (0, 0), (1, 0), ... , {m — 1,0) respectively (see Figure 2.1), which are above the real X-axis. Then the 
number of crossings between R and S is (2) . 

Now we give the definition of the augmented cubes AQn. As with augmented hypercubes, there are many 
ways to describe it, one of which is as follows. 

Definition 2.1. The n-dimensional augmented cube AQn is defined recursively as follows: AQi is a complete 
graph K2 with the vertex set {0, 1}. For n > 2, AQn is obtained by taking two copies of the augmented cube 
AQn-i, denoted by AQn^i and AQn_i, and adding 2 x 2"~^ edges between the two as follows: 

Let V{AQ'^_^) = {0a„_i • • -0201 : a^ e {0,1}} and V{AQl_j^) = {16„_i • • • : 6* S {0,1}}- A vertex 
a = 0a„_i • • • 0201 of AQ'^_^ is joined to a vertex b = 16„_i • ■ • &2&1 of AQl^_^ if and only if either Oi = bi for 
all i ^ [1 , n — 1] , or ai — bi for all i £ [1 , ti — 1] . 
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(0,0) (1,0) (2,0) (m-2,0) (m-1,0) X 

Figure 2.1: The crossings between two bunclies of m parallel lines R and S 

The graphs shown in Figure 2.2 are AQi, AQ2 and AQ3, respectively. 
1 








001 




110 



111 



AQ3 



Figure 2.2: Augmented cubes AQi, AQ2 and AQ3 

Let a = andn-i ■ ■ ■ ai and h = &„5„_i ■ ■ - hi be two vertices of AQn- We define 

9i{a) = fli for i G [l,f^], 



and 



Dini(a, 6) 



i, ifi=lor0t_i(a) = 0t_i(6); 
— i, otherwise, 



where t is the largest integer i £ [1, n] such that 9i{a) ^ Oi{b). For convenience, let Dim(a, a) = 0. In particular, 
if ab £ E{AQn), let Dim(a6) = Dini(a, 6) and say the edge ah is of Dimension Dini(a6). It is easy to see that 

Dim(e) 6 [~n, -2] U [1, n] for any edge e G i;(A(5„). 

For any t S [— n, —2] U [1, n], we define 

to be a map such that J^t(a) £ i?(A(5„) is an edge incident to a with 

DimiJ'tia)) = t. 
In particular, for any vertex subset A C V{AQ„), let 

^t(A) = {A{a) -.aeA}. 

Next we shall introduce a partition of V{AQn) and i?(AQ„) for n > 5, together with a way to obtain such 
a partition inductively, which will be used in the drawing of AQn in Section 3. 



Let 



= {aeViAQn):0n-i(a)=O} 



and 



^{aeV{AQn):en-i{a) = l}. 



(2) 
(3) 



Hence, we have the following partition 



ViAQn) = [/" U V" 
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Let a be the vertex of AQn which is adjacent to a with Dini(a, a) = — (n — 2). We define 

TT : ViAQr,) ^ ViAQn+i) 

to be a map such that 

^^W")) = l 0._i(a), if ze{n,n + l}. (4) 
For any subset A C V{AQn), we define 

= {7r(a) : a e A} U {ti^) : a G A} (5) 

and 

n'-"'\A) = • ■ {n{A)) ■■■)) for m > 1. 

For convenience, let 
It is easy to show that 

n{{a})nn{{b}) = (l} (6) 

for any two distinct vertices a, 6 G V{AQn) with n > 5. Since = = 2""\ it foUows from (0), ©, Q, 
(P and © that 

and 

where n > 5. 

Now we define eight vertex subsets U^,U^,U^,U2,V{',V^,V^,Vi' of V{AQ„) inductively for n > 5 as 
follows: 

If n = 5, let 

[/f = {00100, 00011, 00111, 00000}, 

f/| = {00101, 00010, 00110, 00001}, 

Ul ={10100,10011,10111,10000}, 

t/| ={10101,10010,10110,10001}, 

Vi" = {01011, 01100, 01000, 01111}, 

Vi" = {01010, 01101, 01001, OHIO}, 
={11011,11100,11000,11111}, 

vi ={11010,11101,11001,11110}. 

If n > 5, let 

ur = niur') 

and 

vr = nivr') 

where i G {1,2,3,4}. 

By we have that the above eight vertex subsets are pairwise disjoint. Moreover, by ([2]), © and ([S]), 
we have that 

4 

U" = IJ t/f 

i=l 

and 

4 

V" = U F,". 

z=l 

Observe 

E{AQ„) = F"] u £;([/") u 

By induction on n and straight verifications, we can prove the following lemma which gives a partition of 
E{AQn) and a way to obtain E{AQn+i) from E{AQn). 



4 



Lemma 2.2. Let n > 5. Then, 

1. £'[L/",F"] = {e £ E{AQn) : Dim(e) G {-n, -(n- l),n - 1}}. Moreover, /or an?/ uv G i;[C/",y"], 

{7r(w)7r(w), 7r(u)7r(i;), 7r(u)7r(t;), 7r(w)7r(w)}, i/ Dini(Mv) = — (n — 1); 
£;[f2({w}),r2({u})] <^ {7r(u)7r(?;),7f(M)7f(w)}, i/ Dini(™) = -n; 

3, if Dini(Mv) = n — 1, 

Dini(7r(u)7r(w)) = Dim(7r(it)7r(w)) = Dhn{uv) — 1 z/Dim(uu) G {—n, —{n — 1)} 

and 

I ) i 1 1 1 ' 77 1 ( / : ;t ; ( ■ I ; = Dini(7r(it)7r(w)) = n ifDhn(uv) = — (n — 1). 

2. E{U'^) U = {e G E{AQn) : Dim(e) G [-(n - 2), -2] U - 2] U {n}}. Moreover, for any 
uv€E{U'')UE(y"), 



E[ni{u}),n{{v})] = 

with 

Dini(7r(u)7r(v)) = Dim(7r(M)7r(w)) 

and 



{7r(u)7r(u), 7r(u)7r(w), 7r(M)7r(w), 7r(7i)7r(u)}, if Dim(uu) = — (n — 2); 

{7r(u)7r(u),7r(u)7r(u)}, i/ Dim(Mu) G [-(n - 3), -2] U [1, n - 2] U {??}, 



Dim(ww), j/ Dim(Mv) G [-(n - 2), -2] U - 2]; 
n + 1, if Dim(uw) = n, 



Dim(7r(7i)7r(u)) = Dim(7r(u)7r(u)) = n ~ 1 i/Dim(uu) = — (ri — 2). 
3. For any two distinct vertices u,w G V{AQn) such that u and v are not adjacent, 

E[n{{u})M{v})]^^. 



4- E{AQn) has a partition as follows: 

E[Ul\ U^] U EpS, U2] U E[Vr, U E\y^ , V^] = {e G E{AQn) 

E[U^, U^] U E[U^, U^] U E[V{', V^] U E[V^ ^V^ = {e e E{AQ^) 

E[U^,V^]yJE[U^,V^]l^E[V{^,U^]\JE[V^,U2] = {e € E{AQ^) 



Dim(e) G {1,2}}, 
Dim(e) — n}, 
Dim(e) = ~n}, 



(uUEiUn) U(uti^^(^")) = {e e i?(Ag„) : Dim(e) G [-{n - 2), -2] U [3, n - 2]}, 
ut,E[U^,V,^] = {eeE{AQ^):Bim{e)e{-{n-l),n-l}}. 

In the rest of this section, we shall introduce a particular drawing of some induced subgraph of AQn together 
with some properties of the drawing, which will be useful in Section 3. 

Fix a positive integer 

Af>5. 

Take four vertices in V{AQj^), denoted zf zf such that and ® hold: 

p(r^^f+{o} ^^f+{o} ^^f+{o) ^AA+(o),x _ r a/-+(o) a^+(o) Ar+{o} ^r+{o) ^r+{o} Ar+{o) 

A^+(0) A^+(0) A^+(0) AA+(0) A^+(0) 7V+(0). 
^2 ^3 '^1 ^3 ''^2 '^4 /• 



(7) 



Dim(zf +(")zf = Dim(zf +(°)zf = -(A^ - 2), 

Dim(zf +(°)zf +(°)) ^ Dim(zf +(°)zf +(°') = ti, (8) 



Dim(zf +(°)zf +(°)) = Dim(zf +(°)zf +(°)) = t^, 

where 

{ti,t2} = {-{Af-3),Af~2}. 
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By @, © and dH]), we see that either 



eC/^forahje [1,4], 

or 

eF^foraUj'G [1,4]. 

For TO > 0, we define T-^^ to be the drawing of the induced subgraph {ft^"^^ {{z^^'"^\ z^^^^"*, z'^~^'"^\ z^^^^"*})) 
of AQj\f^rn such that all the vertices are drawn precisely at some axis, say the real X-axis, and all the edges 
drawn to be semi-circles above or below the X-axis, and satisfies Inductive Rule A below. For convenience, 
we shaU denote aU the vertices of +(°\ zf +(°\ by zf zf . . . , z^+4"^ such 

that 

X J^+(m) < X M+lm) < ■ ■ < X M+(„t). 
■^1 ^2 ^2"i + 2 



Inductive Rule A. 

We consider the case when m = 0. Draw ({z^'''^°\ z^^^^"*, z^"*"'"-*, z^'^^'^''}} such that Conditions (i) and 
(ii) hold. 

(i) 

(ii) 
and 

where 



X Af+(o) = i for i e [1,4]. 



0(zf +("'zf = 0(zf +(°)zf +(°)) = -1 



Oie) 



1, if e is drawn above the X-axis; 
— 1, if e is drawn below the X-axis, 



for any e G i?({zf zf +^"\ zf +(°\ zf +(°)}). 
Now we consider the case when m > 0. 

We first arrange the vertices of (f2'™^({z^^''''\ z^^''"'', z^'*'*'°\ z^^'°''})). Take an arbitrary vertex a 
^AA+(m-i) ^^^^^ . g ^1^2"'+^]. We set 



XTT(a) — Xa 



and 



It follows that 



and 



X — X_ 



,jV+(n«-l) 



- ^^f +(—1) + 1 • 

,(,A^+(™-l)) = (9) 

2.1 2 

-(?^) = < 1:^, (10) 

for aU i e [1,2™+!]. 

Next we arrange the edges of ($7^™' ({zf^^'"°\ z^^^^"*, z^^*-^'', z^^^^"*})). By ([7]), @ and applying Conclusions 
2, 3 of Lemma [221 repeatedly, we can show that 

{Dim(e) : e G i?(f7(™) ({zf zf zf zf +(°)})) } 
= [-(A/'-hm-2),-(A/'-3)]U[AA-2,A/'-Fm-2]. (11) 
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Combined with ^ and PH)) . we have 

{e e i?(f^('")({zf+(°\zf+(°),Z3^+(°\„^f+(°)})) : Dim(e) = -(A^ + m- 2)} 

= {4-^^4''^'"^:^e[i,2"+^]}. (12) 

Draw 

0(4-1"^ 4^^™^) = -Oizf+^'^-^^zf^+i'^-}}) for all i G [1,2™+!]. 
Let be an arbitrary edge of D ({zf zf +(°)})), where 

i<k <e< 2"'+\ 

Suppose £ = k + 1 and k = I (mod 2). By Conclusion 2 of Lemma [121 ® , (UHl) and (HI]), we see 

Proar^+t^^^h^ 0({y^+i"^-^h\] - S^^+^"'K^+'-"'^ „AA+(m) A^+(m) A^+(m) AA+(m) AA+(,n) AA+(m)i 
^["ll^fe J)j "U-'f //J — \^2k~l '^21-1 ' '^2fc-l ' ^2fc '^2£-l ' ^2fe '^2« J' 

and draw 

'-^^-^2fe-l -^2f-l i ^ *-^>.-^2fc-l '^2« i ~ ^\'^2k -^2£-l 7 — '-^l^2fe ^2£ 7 — "-^l^fe )■ 

Suppose £ = fc + 2 and fc = 1, 2 (mod 4). By Conclusion 2 of Lemma [2?2l (O, (HO]) and ((III), we see 

pror/r^+t^-^h^ OC/r^+(""lh^l - /^■^+("') ,AA+(m) „AA+(m) AA+(m) . 

and draw 



and 

Suppose otherwise. By Conclusion 2 of Lemma [2?2l (fTOl) . (fTT]) and ([T2]) . we see 

and draw 

^ 2fc Of '+'^,'''~' ~ 2k 1 + '^^'° 2<; ' + ~ ^ 

This completes the characterization of the drawing . 
• We say the initial positive order of the above characterized drawing TC"(^) is {z^~^^'^\ z^~^^^\ z'^'^'"^\ z^'^^'^'^). 

By the above arguments, we see that the drawing of T-^^ is independent of the value of Af. Therefore, 
for the convenience, we shall write '^(m) for """(^i)' ^'^"^ write z|™'' for zf^'^^"^\ and write for the induced 
subgraph i}^"^\{z[^\ Z2^\ ■^3*^^ ^T"^}) when it is unambiguous. While, in the rest of this paper, we always mean 
{z^°\z!^\z^°\z^°^} C ViAQj^) when we use AT. 

To make the above notations clear, we give the drawings T(o), T"(2) and T(3) as examples shown in 
Figure 2.3. 

Before giving the properties of the drawing T(„), we need to fix some notations. 
Let 

£;(m) ^ i;(5(™)), 

£•1") = i?({z^^ :ze [l,2"+i]}), 

= S({z|"^ : i e [2™+i + 1, 2"+2]}), 

= ^[{4"^ : * G [1, 2"+!]}, {zl"^ : i G [2"+i + 1, 2™+2]}]. 
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(1) T(o, 



(2) T(i) 



(2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) (2) 
^1 ^2 ^3 ^4 ^5 ^6 ^7 ^9 ^10 ^11 ^12 ^13 ^14 ^16 ^16 



(3) T(2) 




'■I ^2 "3 4 "5 6 7 



"10 ^11 12 ^13 14 ^15 16 17 ^18 19 20 21 ■*'22 ^23 "^24 '^25 '^26 27 28 29 ^30 31 32 



(4) T(; 



Figure 2.3: The drawings T(o), T(i), T(2) and T 



(3) 



Let z/^ Zj be an edge of £^"^\ where i < j. We say the edge z^" covers vertex Zj for any 
t G [i + 1, — 1]. Let F be an edge subset of , and let w be a vertex ofgM. For any i G [1, 2™+^], we define 



(m),F 
(m),F 
(m),F 
(m),F 



= |{e G F : e is incident to zf"' with 0{e) = 
= |{e G F : e is incident to zf"' with 0(e) = -1}|, 
= |{e G F : e covers z^"^ with 0(e) = 1}|, 
|{e G F : e covers z^"^ with ©(e) = 



We define 
and 

In particular, let 
and 

Moreover, let 
and 



'^j"'(F,t-) = |{eGF: e covers v under the drawing T(„) with 0{e) = 1}| 
'^["'\f,v) = |{eGF: e covers v under the drawing T(^) with 0{e) — -1}|. 



^(m) 



iG[l,2"'+2] 



■te[i,2'"+2] 

Now we are ready to give some properties of the drawing T(„j). 

By Lemma l2.21 it is not hard to derive the following two lemmas. 
Lemma 2.3. Let m >0, and let i,j be two integers of [1, 2™+^]. Then, 
1. Conclusions (i), (ii) and (iii) are equivalent: 
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(i) zl^^zj™) ef(™); 

i^ii; 22'"+2+i-i^2"+2+i-j ^ ' 

(iii) zf"+')z]'"+'' 

Furthermore, 

2. Ifz\'^h^;^^ € £^^\ then = -©(z^^^zj")) = ~0{z^^\,^^_/^U^^_.). 

Lemma 2.4. Le< m,k>0, and let zf^^zj"^ e such that i<j - 2. For any te [I, 2'"+2], 

E '^j"+'^)(i?[l}('=)({zf")}),f}W({z]"'})], 
i;en{'=)({z<'"'}) 



= < 



4^ if i<t<j and (^(zl^^z]"^) = 1; 

2fc-i . _ 1)^ ,f t e {i,j} and 0{z'fh'f^) = 1; 
0, otherwise, 



and 

J2 '^!'"+''^(i;[f]W({z|™'}),r!W({zf"'})],«) 

t;GO('«)({z<'"'}) 

4*^', i/ i<t<j and ©(z^^^'zj™^) = -1; 

2fe-i . (2fc - 1), j/ t e and 0(z,(™^z]™') = -1; 

0, otherwise. 

Lemma 2.5. Let m>0, and let z|"^zj"' G w/iere 1 < i < j < 2'"+2. If j - i = 2 i/ien f = 1, 2 (mod 4). 

Proof By ® and we have that z|'"^ e l]({z['r"^^}) and z|'"^ e f7({z[7~^^}) = f^({z[™7^H), and moreover 
that, either z'T^ G 7r({z[T-^)}) and z^""^ G 7r({zf?-V})> zf") G 7r({zf?-^)}) and z,^") G ^({z^T-^}). 

I2I 12!^^ I2I I2I 

Combined with LemmaES we have that ^iTr^'^lTnT^,^ G with Dim(z['r"^^z[?"\') = -((A/'+?r! -l)-2). 

It fohows from (fT2)) that [|] = 1 (mod 2), and so i = 1, 2 (mod 4). The lemma foUows. □ 

By Lemma [2.51 we have that 

\i -j\^2 for any z,^™^z]"^ G H^™' with m > 0. (13) 

Let m > 1. We define 

Xf"' = [(t - 1) • 2"-i + 1, t ■ 2'"-i] for t G [1, 8]. (14) 
By (fT3)l and Lemma [2?2l we can derive that 



(m),«<'") ^ I 1, iGi-i Ui-g , . . 

' ^ 2, ^ Gl^"^ UX^"^ UX^"^ UI^"^ ^ ^ 



and 

for aU TO > 1. 

Lemma 2.6. For m > 0, 



^ / 1, * e uxf) uif) ux^'"^ 

1 0, zGZ^'"^UZ^™^Ul^'"^UX^"\ 



cf) . 1 . 4'"- - (2TO + f + ^■(^ + ^-^)'""^)) . r 



(16) 



and 

ci")4.4"--(2TO + i^ + I:il±i^).2^ 
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Proof. If m = 0, 1, the lemma follows from trivial verifications (see Figure 2.3 (l)-(2) for T(o) and Now 
we consider the case when 

m > 1. 



By ([T5|). ((16)) and trivial verifications, we have the following 



j 


1 


2 


3 


4 




1 


2 


2 


1 




1 








1 


i.i 





1 


3 


5 


''7 





1 


1 


1 



Table 2.1: The values of Tf'"**" and for j = 1,2,3,4 



Combined (fT5)) . Table 2.1, Lemma [2.21 Lemma [^751 and Lemma [2.41 we have that 



-,(m) 



i6[l,2'" + 2] 



iG[l,2'"+i] 

ie[l,2'"+i] jG[1,2"+1] 



je[i,2'"+i] 



ie[l,2" 



2- C 



(m-l) 



ie[i,2'"+i] 



2 - ( C 



(m-l) /im-l 



E 7^'^ + 2"-2 • (2"-i - 1) • E 



a 



J = l 



J = l 



2 . ci'"~^' + (6 . 4™ - 3 • 2") 



(17) 



and 



-,(m) 



E '^l"^(4"^) 

ie[i,2™+2] 



iG[l,2™+i] 

ie[i,2'"+i] ie[i,2"+i] 



E ^^!"'^(fl"\z|'"')+ E '^l'"^(^^"\4"M 



E <""'^(5(™-^^z(™-^^)+ E ) 

ie[i,2'"+i] je[i,2'"+i] 



2- C 



(m-l) 
+ 



E ^!"^(h("),4'"^) ) 



ie[i,2'"+i] 



(m-l) /im-l 



= 2-(CV 

= 2-C'|'""^' + (2-4"-2'"). 
Then the lemma follows from P7)) and p^. 



(18) 
□ 
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Lemma 2.7. The following three conclusions hold. 
(i) For m = 1, 

J2 '^j")(f(™),zf"') = 



and 



(ii) For TO 



and 



0, ? 


/ tG{l,8}; 


1 ! 


f t e 12 7|- 


3, ? 


/ te{3,6}; 


5 ! 


f t e 14 51 


0, ! 


/ te{l,8}; 


3, ? 


/ te{2,7}; 


3, ? 


f te{3,6}; 


1 ! 


f t G 14 51 


4 


if t G il 8) 


10, 


te{2,7} 


18, 


te{3,6} 


24, 


z/ ie{4,5} 


2, 


tf tG{l,8} 


12, 


z/ ie{2,7} 


12, 


iG{3,6} 


6, 


z/ iG{4,5} 



(iii) For m > 3, 



E 



98 
3 


^m — 3 


- (2to + 


13 I 

3 ^ 


7-(l + (-l)" 




2m-3^ 


z/ tG{l,8}; 


182 
3 


^m — 3 


- (2to, H 




, 7.(l + (-l) 
^ 6 


-)) 




if te{2,7}; 


278 
3 


^m — 3 


- (2to, H 




1 7.(l+(-l) 
6 


-)) 




te{3,6}; 


338 
3 


^m — 3 


- (2toH 




7.(1 + (~1) 

^ 6 


-)) 


■ 2"~3^ 


z/ te{4,5}, 



and 



94 
3 


^m — 3 


- (2to + 


16 
3 


202 
3 


, ^m — 3 


- (2to- 


1 10 

^ 3 


202 
3 


, ^m — 3 


- (2to- 


.10 
^ 3 


142 
3 


, ^m — 3 


- (2to- 


^ 3 



7-(i+(-i)'") ^ . 2' 

^ 7.(i+Vir) ).2- 

f ^(i±m).2^ 



tm — 3 
-3 
im — 3 
-3 



z/ <G{1,8} 

z/ te{2,7} 
te{3,6} 

z/ ie{4,5} 



Proof, (i) and (ii) follows from straight verifications (see Figure 2.3). Now we let to > 3 and prove (iii). 
For t e [1,8], let 



£^r^ =E{{zr> -.ieir'}), 



Am) 



("i)i 



Let 



By ([Ti)) and Lemma wc have that 

|i - il / 2 for any z^^^z]™^ (E /C^'"' with to > 3. 
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Combined Lemma Lemma [2. 3[ Lemma [2.41 and Lemma [2. 6[ we have that for any t £ [1,8], 



^(m-3) _|_ / 



4t 



E 7, 

j=4(t-l) + l 



(3),/C<^) 



4t 



+ 2""^ • (2""^ - 1) • ^ 



i=4(t-l) + l 



and similarly, 



4t 



j=4(t-l) + l 



(3),K(^) 



2m-4 . (2^-3 _ 1) . ^ ^ 



(3),k;(^' 



j=4(t-l) + l 



It is easy to get the values in Table 2.2. 



j 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


^(3),/C'^' 


3 


4 


3 


2 


3 


4 


5 


4 


4 


5 


4 


3 


2 


3 


4 


3 


^(3),K'^' 


3 


2 


3 


4 


3 


2 


1 


2 


2 


1 


2 


3 


4 


3 


2 


3 


(3),K(3) 





3 


7 


10 


11 


11 


11 


13 


15 


17 


21 


25 


27 


26 


24 


23 


/;(3),k;'=** 





3 


5 


8 


11 


13 


15 


15 


15 


15 


13 


11 


9 


8 


8 


7 



Table 2.2: The values of a 



7. 



and Cr'^'^ for j G [1, 16] 



Then Conclusion (iii) follows from (PH]) . (pij) . Table 2.2 and Lemma [2.61 readily. 

In the following lemma, we shall count the crossings of T(,„-| for all m > 1. 
Lemma 2.8. For m > 1, i^T(„., (H^'"') = 6 • 4™-i - 2™+i. 

Proof. By ©, (HH]), (US]) and Lemma we have the following 



Claim A. Let z. 



(m) (m) 



and 



(m) (m) 



be two distinct edges of H^™-* incident to z'"™'\ Then 



( £;[i7({zr^}),f^({-r})], E[n{{zr^})M{zr})] ) = i 



Now we show 

Claim B. Let be an arbitrary edge of H^"^\ Then 

.r,^^^^{E[ni{zl-^})M{^t^})]) 



1, if i = j (mod 2); 
0, iii^j (mod 2). 



Proof of Claim B. Say i < j. By ©, (dU]), ([131) and Lemma we have that 

Emzt^})M{4"'^})] 



-1 z 



(m+l) .^(m+l) 
! + (-!) 



2i 
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Also, since ©(z^'^+^i, n-i ^^'"^i+r n.-i ) = O^^^^^l z^^'+H ) = ©(zj^^z^™)), we have Claim B proved. 

□ 

In a similar argument as Claim B, by induction on m, we have 

|{z,'"^zj'"' e : i = j (mod 2)}| = 2'"+i. (22) 

Now we proceed with the proof of the lemma. 

If m = 1, the lemma holds trivially (see Figure 2.3). Suppose m > 1. By dTS]), ([15]), ([16]), ([22]), Claim A, 
Claim B and Lemma [2.21 we have that 

'^T„„,(H(™)) 

= 4.i.T„„_„(H('»-i') + |{z|"-^)z("-^' GH("-i) :i=j (mod2)}| 



4-i^T,„_n(H("-l)) + 2 ' 



i=l i=l 



2 



+ 




E 
















+ 




E 
















= 4 




^_,,(H("-i))4 


- 2™ 




+ 




E 
















+ 




E 














71-1) 


= 4 




._,,(H("-i))4 


-2™ + 


2" 


= 4 




._„(H("-i))4 


-2™+i 


5 



2 )+ E 



»ei<"'-i'ui<"'-^'ui<'"-i'ui<'"-i' 

»Gl("-l'uI<"-i'uI<"-i'ulj'"-" 



(2) + E (D 

(2) + E (°) 



and thus, the lemma follows immediately. □ 



Lemma 2.9. 



24, i/m = 2; 

i.T,„,(^("\fl™')- <! 128, 

158 " " " 

3 



^ ■ 4'"-^ - (8m + f + ) . 2"-2, z/m>4. 



13 



Proof. By (|15p . ([T5)) and Lemma [2.31 we have that, for aU m > 2, 

iG U ij'"' «e LJ Xt'"' 

t=l t=l 



+ 2- E E '^t\£e"'\4'"^) 



2- E <^_("-l)(5(™-l)^^("-l))+ ^ <^^™-l)^^(m-l)^^(™-l)) 



= 2.( E '^!'"~'^(f('"-^',4'""'^) + 2. E 

+ 2- E 

= 2-( E 'if!'""^^(£:('"-i),z|'"~^^)+ E 'r!""^^(£:(™-i),zf"~^^) ) 

+ 4.( E -^i"-') E 'ri'"^'^^^"-!),^,^""'^) ) 

Then the lemma follows from Lemma |2 . 71 and trivial verifications. 
Lemma 2.10. For m > 3, 

194 ,,_2 , oo™ , 7.(l + (-ir) 



'^T,^, ("^) = ^ • 4™"i - (4m2 + 23m + ^ - ^ ' ' ) ■ 2 
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Proof. By Lemma 12. 1[ Lemma 12.31 and Lemma 12. 8[ we have that for all fc > 1 , 

= 2. ( z.x,„(ff') + ^T<.,(HW,£f ) ) 

= 2. ( .x,._„(f('=-^)) + -T,.,(H('=),ff ) ) +.T<.,(HW) 

= 2.i.T(,_„(f('=''^) + 2.z.T,„(HW,ff)) + (6-4'^-i-2'=+i). (24) 

Now we shall prove this lemma by induction on m. We first consider the case when m = 3. Observe 

^T,,>(^:W) = 4. (25) 

By ([24]), ([251) and Lemma [2^ we have that 

:.T<3,(f^'>) = 2.j.T,.,(f(^)) + 2.128+(6.42-24) 

= 2 ■ ( 2 • i/T,i) (5(1') + 2 • 24 + 6 • 4 - 23 ) + 336 
480 

^ i|4 . 43-1 , (4 . 32 ^ 23 ■ 3 + ^ - 7-(i+(-i)-^) ) . ^3-1^ 

we are done. Hence, we need to consider the case when m > 3. By ((24| and Lemma [2.91 we have that 

i/T(„,(f ^"'^) = 2 • j^T,„_i>(f ^'"^^') + 2 • J^T,„,(H("\^^1'"') + (6 ■ 4'"-i - 2"'+i) 

= 2 • ( if • 4™-2 - (4(m - 1)2 + 23(m - 1) + ^ - ia±(_iri!) ) . 2'»-2 ) 

+ 2 . ( if . 4™-2 ^^8m+f + ^•(^+^'3^)'"'') ) • 2"-2 ) + (6 . 4^-1 _ 2™+i) 
= 194 . 4m-i „ (4„^2 ^ 23m + i§i - ) . 2"'^i. 

This completes the proof of the lemma. □ 



3 Proof of Theorem 11.11 



We begin this section by introducing a couple of necessary notations. 
Let 

i^,"ed = E[UiM2] U E[U3, Ui] U E[Vi,V2] U E[V3,Vi], 

Euue = E[Ui,U3] U E[U2, Ui] U E[Vi,V3] U £[^2, "^^4] U E[Ui,V3] U E[U2, 14] U E[Vi,U3] U E[V2, Ui]. 
By Lemma l2. 21 wc have the following decomposition 

E{AQ^) = u u £;s„e (26) 

with 

£^r/ac. = e i?(^Qn) : Dim(e) £ [-{n - 1), -2] U [3,n - 1]}, 

£^"ed = e EiAQn) : Dim(e) G {1, 2}}, (27) 
Ellue = {e e i?(AQ„) : Dim(e) G {-n, n}}. 



Let ^ C R X M be a region, and let F be an edge subset of E{AQn)- We denote by In^(i^) the part of F 
which is drawn at the inner of the region and by Out^(i^) the part of F which is drawn outer the region 
If F = {e} is a singleton, we simply write In^(e) and Out£^(e) for In^({e}) and Out^^de}) respectively. 

• For convenience, in the rest of this paper, we shall write In(-) to mean In^o ^ ^^a^ (•) for short. 

Now we are in a position to prove Theorem ll.il For the convenience of readers, we split the proof into two 
parts, which are put into Subsection 3.1 and Subsection 3.2, respectively. In Subsection 3.1, we give a good 
drawing r„ of cr{AQn) for all n > 8. In Subsection 3.2, we shall verify that the crossings of r„ is no more than 
the upper bound in Theorem 11.11 and therefore completes the proof of Theorem 11.11 
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3.1 The drawing r„ for n > 8 

under r„. In general, -B^j^^fc 



We first give the drawing of E^i^^j, 
Let 



Take J\f = 5 and 



are drawn at tlie inner of the region . 



w" G {ui\ uiwr, T/2", vn- 



(^1 



AA+(0) A^+(0) A^+(0) A^+(0) 



= 



(00100,00011,00111,00000), 


if 




= 


(00001,00110,00010,00101), 


if 






(10100,10011,10111,10000), 


if 


W" 


= C/3" 


(10101,10010,10110,10001), 


if 


W" 


= ^74" 


(01111,01000,01100,01011), 


if 




= 


(01010,01101,01001,01110), 


if 


W" 




(11111,11000,11100,11011), 


if 


W" 


= ^3" 


(11110,11001,11101,11010), 


if 


W" 


= ^4" 



(28) 



It is easy to verify that the above values of z-^ 
and ti = —2 



^+(0) ^A"+(0) N+C^) N+C^) 



satisfy and (O with ii = 3 = A/"- 2 



-(AA-3). Hence, we can draw (W") = f7("--^)({zf zf zf +'"^}) as the drawing 



T(„_5) with the initial positive order as {z-^ ,^2 



^+(0) A^+(0) Af+(0) A/'+(0) 



) and satisfying that 



X 



(0) 



X 



X 



X 



and 



(^,(0) , Y , y (0) , Y ) 




-2, 


if 


W 


'e{C/r,C/3"}; 


-1, 


if 


W 




1, 


if 


w 


'e{Kr,VT}; 


2, 


if 


w 








if 








if 


W" e {V7,C/2"}; 


-2, - 


1), 


if 


W" e {i73",l/4"}; 


-3, - 


4), 


if 


W" e {y3",;74"}. 



(29) 



(30) 



Wc remark that the edges z. 



-5) Jr. 



-5) 



S 5) drawn to be at the left or at the right of the lines 



z:^+(°\zf+(°\zf+(°' and 0(z("-^)zf-^') in T 



X ~ ±1, ±2 dependent on the locations of z^ , ^2 7-^3 > -'4 — \~i ~j 

To proceed with this subsection, we need to rename the vertices of W" as follows: 



(n-5)- 



with 



and 



where i G [1,4]. 
Note that 

for aU j e [l,2"-3]. 





, m"2"-3}' 


if 


W" 




{U2^1,U2 2, ■ ■ 


, U2 2r^-3}, 


if 


W" 


-c/2" 


{■"3,1' "3,2' • ■ 


, W3 211-3}, 


if 


W" 


= C/3" 


{^4 4, W4 2j • ■ 


' '"4,2"-3}, 


if 


W" 


= c/4" 


Ki,^^r,2,--- 




if 


W" 




{^2,1 1 ^2,2; ■ • ■ 


' ''^2,2"-3}' 


if 


W" 


= ^2" 


Kl,^'3,2,--- 


' ''^3,2"-3}' 


if 


W" 


= ^3" 


, {^44, ^4,21 ■ ■ ■ 


' '^4,2"-3}, 


if 


W" 






> • • • > |K« 


2^1 — 


3I 




> \Y.^J 


> • • • > 




3I 










J- 





(31) 
(32) 

(33) 
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By © and ^TU\\ . we derive that for any Ji > 8, 

<,-el7("-«)(^^_^^}) (34) 

and 

eJ7("-«'({<r^T}), (35) 

where i G [1,4] and j G [1,2""^]. 

By applying Lemma 12.21 repeatedly, we have that 

{e G E{AQ„) : Dim(e) = -{n - 1)} = : i G [l,4],j G [l,2"-3]} (36) 

and 

{e G E{AQr,) : Dim(e) = (71 - 1)} = {ul^vl^^^_,y^, : i G [l,4],j G [l,2"-3]}. (37) 

By (ini), (1321), (ESI), dMl) and ([271), we can draw the corresponding edges in {e G E{AQn) : Dim(e) G {-(n - 
1), n — 1}} to be straight lines. Therefore, this completes the characterization of the drawing of ii'biacfc- 

By applying (fT2)) . we see that 

{e G E{AQ,,) : Dim(e) = -{n - 2)} = {<2,_i<2, : ^ e [l,4],j G [l,2"-4]} 

UK2,_i<2, [1,4], J-G [1,2-4]}. (3g) 

Now we give the drawing of E"^^^ under r„. In general, E'!^^^ are drawn at the inner of the region M^g x Klg. 
By (|n]) and ([TU]), applying Lemma [2.21 repeatedly, we have that 

{e G E{AQr.) : Dim(e) = 1} = {ul^ul^ : j G [1, 2"-3]} y {^^^.z;^"^. : j g [1, 2"-3]} 

U : J G [1, 2-3]} u {«3"^.<,^. : j G [1, 2-^]} (39) 

and 

{e G £;(AQ„) : Dim(e) = 2} - {<,<.,+2"- : J & [1, 2""']} U : J ^ [1, 2"'-']} 

U {<,<,+2"- : J e [1, 2"-=^]} U : J G [1, 2-^]}, (40) 

where the subscripts j + 2""^ are taken to be the least positive residues modulo 2"~^. 

In general, by (gT]), ^ and (gD]), we can draw E"^^^ satisfying Conditions (i), (ii) and (iii). 

(i) The drawing of E^^^ is symmetric with respect to y-axis; 

(ii) The drawing of E^^^^ is symmetric with respect to X-axis; 

(iii) Injj5 ^j^]g5(£'"g^) is symmetric with respect to y = |. 

Take an arbitrary edge e G E"^^. By ([M)) . PO)) and Conditions (i)-(iii), we may consider only the case 

eG U AiK.UV,",). 

t6{l,2} 

Then we draw e according to the following inductive rule. 

Inductive rule for the drawing of i?"g^: Let j be an arbitrary integer of [1, 2"~'*]. By ([M)) and ([55)) . 

we can draw the arcs In(^i (u"j)), In(.^i(i;"j)), In(j^2(uij)) and In(^2(w",,)) in r„ to be along the original 
ways of In(J^i(M^ |-_i^i)), In(j^i(v^ [—^1^^' ^^(■^'^(^l hrl'*'* ^""^ In(-'^2(w^ [—^1^^ -f^^spectiveiy. 

Therefore, this completes the characterization of the drawing of 
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Next, we give the drawing of under r„. 

By © and PU)) . applying Lemma [2.21 repcatcdlv. we have that 

{e e EiAQ„) : Dim(e) = -n} = {<^^.«3"^. : j £ [1, 2"-^]} u : j G [1, 2-~^]} 

U : J e [1, 2-3] } u {vl^ul^ : J G [1, 2-3] } (41) 

and 

{e G E{AQ,,) : Dim(e) = n} = {ul^ul^ : j G [1, 2-3]} y {^^^.^g"^. : j g [1, 2-3]} 

U {ul^ul^ : J G [1, 2-3]} U {vl^v2,^ : j G [1,2-3]}. (43) 

In general, by (gT]), ([311), dSS]), dSS]), (HB) and (gl]), we can draw El]^^ satisfying Conditions (iv), (v) and 
(vi). 

(iv) The drawing of EJ^^^^^ is symmetric with respect to y-axis; 

(v) The drawing of E^^,^^ is symmetric with respect to X-axis; 

(vi) InR5_^xR5(£^6/„e) is symmetric with respect to y = |. 

Take an arbitrary edge e G EJ^^^^. By (gT)), and Condition (iv), we may assume e G IJ ^t{Ui^V"). 

n,n} 

We draw e to be consisting of three nonempty parts, say lujjs ^xKg Ii^k^ ^xk" , (g) and OutRS ^ xr^ , (e), of which 
Inj{5 ^ xR^ (g) and In^s ^ xR" , (s) 'meet' the line a; = — 5 at right angles, and of which Out^s ^ ^r^ ^ (e) connects the 
two 'points' which arc 'produced' by Injjs _^xjj5(e) and lugs ^^jjo _^(e) with the line x = —5. 

It remains to show the drawing of the other two parts of e, that is, lujjs ^x]g5(e) and lujjs ^ (e). By 
Conditions (v) and (vi), i.e., the above two kinds of symmetries of the drawing of EJ^^^^, we can suppose without 
loss of generality that 

eG U AiKAUV^y), 

te{-n,n} 

and draw In(e) satisfying the following inductive rule. 

Inductive rule for the drawing of El\^^: Let j be an arbitrary integer of [1, 2"""']. By (p4|) and ((35|) . 

we can draw tie arc In(j^„(u"j)) in r„ to be along the original way of In(^„(w^ ^ ^ ^)) in Fg, and we can 

draw the three arcs In(j^„(u"j)), In(j>''_„(u"j)) and In(^_„(u"^)) to be a bunch of three arcs in r„ wiiici is 
along the line y = and satisEcs Property A. 

Property A: The arc In(^_„(w"j)) will be drawn precisely at the line y = Yu^ ., one of In(J''„(u"j)) and 
In(j^_„(u"j)) lying flat above the line y = K^n and another below the line y = Yu'^ In detailed, for 
j G [1, 2—6 - 1] u [2"-6 ^ 1^ 2"-6 + 2"-^ - 1] U [2"-6 + 2—"^ + 1, 2— ^ - 1] u [2— ^ + 1, 2— ^ + 2""^ - 1] U [2— ^ + 
2^-7 ^_ 1^ 2"-5 + 2"-6 - 1] U {2"-5 + 2"-*^ + 1}, In(j^_„(i;f^^ )) is drawn above the line y = Y^^ . , for otherwise, 
In(j^_„(u"j)) is drawn below the line y ~ Yu^ ,. 

Therefore, this completes the characterization of the drawing of i?^/iie- 

Combined ([^^ . pop and Conditions (i)-(vi), we conclude that r„ has Property B. 
Property B: 

• r„ is symmetric with respect to K-axis; 

• r„ is symmetric with respect to X-axis; 

• Inj{5 ^xjj5(£'(^(5„)) is symmetric with respect to ?; = |. 

This completes the characterizations of the drawing r„. To make the above process clear, we give the 
drawings of In(^Qn) under r„ for n = 8,9 in Figure 3.1 and 3.2, respectively. 
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Fi gure 3.1 1 Ini^AQs) in the drawing Fg 



• For the clearness of composition, in the rest of this paper, any vertex a — a„a„_i • • • oi G V{AQn) in figures 
will be represented by the corresponding decimal number a„ • 2""^ + a„_i • 2"^'^ + • ■ • + ai. 
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Figure 3.2: ln{AQ<)) in the drawing Fg 
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3.2 The calculation of crossings in T. 



In this subsection, we shall calculate the number of crossings of AQn in the drawing r„ for n > 8. By (pS)) and 
Lemma I^TTl we have that 

ur„ (Ag„) = z.r„ [El]^,) + (El^,) + (El),,,) 

+ {Klue^Ked) + (Klue^Klack) + {E"^d^ ^black)- (43) 

By (j43|l . the process of calculation can be divided into six parts. To begin with the six parts, we need some 
preliminaries. 

For i G [1,4], let 





= Hi, 


<2, 


• ■ • ' ^7.2"-'^}' 












7/" 

' "'i,2'»-'i+2' ■ ■ • 


' "i,2' 




1,1 


= Hi, 


7)" 


■ • ' '"7,2"-*}' 






yn 
^i,2 


= {<2" 


"■4 + 1' 


"i,2"'--*+2' ■ ■ ■ 


' "■^1,2" 


-3}. 



For any edge e G IJ J^t{V"i), let be the y-coordinate of the 'point' at which In(e) and the line 

tG{ — n,n} 

X ~ —2 cross each other, and let £(In(e)) be the least positive integer j e [1, 2"^"^ + 1] such that > Yu^.- 
Let 

te[i,2] 

and 

te[-(n-l),-2]u[3,n-l] 

Take an edge e G H^ed ^ ^biack- We say e covers vertex for some j G [1,2"^"'] provided that In(e) 
crosses the line y = Yu^ ■■ Suppose e is incident to for some t G [1,2""'*]. Let e(e,?i"j) ~ 1 (£(e,ii"j) = — 1) 
if e shots upward (downward) of the line y = Yu-^^. For example, £(^2('"ij), ^tf j) = 1 for j G [1,6] and 
^{■^2{ul,k),ul f^) = -1 for k G [7,8] (see Figure 3.1). 

Take an edge subset H C iJ^^^ U H^iack ■ Then we define 

cc"'^ = ]{e G : e covers 
: |{e G -ff : e is incident to 7/"^ with e{e,u" j) = 1}] 

{e G : e is incident to with e(e,M"j) = — 1}|- 

Therefore, it is easy to derive the following 
Assertion C. Let e G IJ J^t(V7''i), and let H be an edge subset of H^e^U HJ^i^^i.. If In(e ) is drawn along 
the line y = Y^.n then 

l{e G : .r„( In(e), In(e') ) = 1}| = --(Me')) + Cn(e'))' (^4) 
if In(e ) is drawn along the line y = Y^n then 

l,Z:(In(e'))~l 

|{e G : .r„( In(e), In(e') ) = 1}^ -2(Me'))_i + ^2(f„(e'))-r (45) 

The following definitions will be key for the computations of i^r „ {E^ue , red) ^^'^ '^r„{Euuei -^biack) later. 
Define 

sn,j=^;'"^^'+^]'""^', (46) 



and 



.H 



n.H 
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black 1 ^^^^black 



and 

where j S [1, 2"~*], and define 
and 



n,_E(;7r) «,£;((7i") 



Since iJ^,,, \ E{U^) = {j 

te{-(n-l),n-l} 



J^t(C/fi), it follows from dSHl) and ^ that 



ifj = l (mod 2); 
+ ifj = (mod 2), 



and 



ri,£;((7i") 



+ 1, ifj = l (mod 2); 
ifj = (mod 2), 



for all j e [l,2"-4 + l]. 

Lemma 3.1. Let n > 8 be an integer. Then the following conclusions hold. 

2. s„,2j_i - 2s„_i,, /or aZ/ j e [1, 2"-^ + 1]; 

3. s„,2j = Sn-ij + for all j G [1, 2""^]; 



= tu;-^'-- + for all J e [1, 2"-4] . 



4- '-n.i+l ^ '"^7" 



5. tn,2j-i = 2i„_i,, /or all j G [1, 2"-^ + 1]; 



6. t 



n,2j 



t„-i,j + t„-ij+i + 2 for all J e [1, 2"-5]. 



Proof. To prove Conclusion 1, 2 and 3, we shall need the following notations. Let 



.H" 



for j G [1,2"-'']. 



We have that for n > 8 and for j G [1, 2" ^] 



":-f^?cd I ".-f^?ed 



(2 • n7 

Sn-lj" + 



3 



1-1, 







cd 




= (2.<- 


-i^K7d^ _ 






= (2.<- 


-l.-f^^'ed' 




.d ) 


= 2.(^;- 


■l.^-ed^ . 




,-1 

.d) 



2 • s"^ 

^ *n-lj' 
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Sn.2j-1 = ^2]^1 +^2j-l 






= (2 • Tu^ ' 4 


,^^.«"..) 


+ ^^. - 


= (2 • 4 






= 2 • (tu^. 4 




-1 

. ) 


— 2 • Stx—I^j 







(56) 



and 



Sn,2j = +'&2j 

= (2.n7;-^'^- 4-4;;5=^) + <-^'^- 

n—1, n — l.H" rin—l,H^~'} 

= (2 ■ TOj. + <rj. -) _^ r.d 

= (tI7j- 4- -ffj ) + (^^. + ■ r.i ^ 

= (57) 

Now we prove Conclusion 1 by induction on n. If n = 8, it follows from trivial verifications. Next we need 
only to consider the case when n > 8. Conclusion 1 is equivalent to show that 

5",j+i=<, foralljG [l,2"-4-l]. 

By ([M]), (inni), ([561), (EB and the induction hypothesis, we have that for all j G [1, 2""^ - 1], 

Sri,2j + 1 = 2 • S„_i_j + i 

= 2 • a'li-x^j 



n,2j-! 



and that for all j G [1,2"-^] 



- s'* 

~ ''n,2j-l' 

and Conclusion 1 follows immediately. 

Furthermore, Conclusions 2 and 3 follow from ((56)1 . (|57)) and Conclusion 1. 
Now we prove Conclusions 4, 5 and 6. By (|29)) . we can infer that 

^ ^nMUT) ^ ^n.MUn + ^J.^^l^D fo, ^ [^^ (58) 

It follows from ^ and dM]) that for all j G [1, 2"-* - 1], 

if j = 1 (mod 2) then 









= ^j+i ^ 




f 1 






- 1 






- 1 




^ ' black 

"S" 





(59) 



23 



if j = (mod 2) then 







n,E(UV') 
= + ! 

















(60) 



and thus, Conclusion 4 follows. 



It remains to show Conclusions 5 and 6. By (|57)) . (|55)) . (l5^ . ([55]) . Conclusion 4 and Lemma [2.21 we 

conclude that for all j G [1, 2""^], 

if j = 1 (mod 2) then 

tn,2j-l = tn,2j-l 

_ n,E{U^) „n.EiU^) 

= (2 . n7;-^'^(^"") + i^^f ^"""^ - 1) + 

= (2 . tn;-^'^^^"") + (^;-i'^(^r^) + /) _ 1) + ^n-i,Eiur') 
^ 2.(J-''^(^r')_^^n\Eiur')^ 

— 2 • f 



and 



n.l 

^ '^2j 



^n.E{U^) ^ ^n,EiU"[ 



(2 . tn;-^'^^^"") + f"' - 1) + (^;-l-^(^"") + 1) + 1 

(2 . tn;-^'^^^"") + (,;-i-^(^r^) + 2) - 1) + (^;-i-^(^r^) + + ^ 



tn,o + + l + 1) + 2 

(61) 



if j = (mod 2) then 















n,E(Ul' 
= ^2j-l 




) 








- (2-< 


-1, ^ 


^-^(^"'-1)4 




-i,E(;7r-^) 


+ 1) 




.l,_E(C/i"-') ^ 




f2)- 


- 1) + 




- 2.« 


.i,ij(c/r-i) _^ 


^n-\,E{ljr^)^ _ 


f 2 






= 2■C■^ 


-2 










= 2 -(4,, 


+ 1) 










— 2 -f ■ 
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and 



tn,2j 



— *)i,2j + 1 

- + ^2j 


' +1 
















+ 2) + l 








, n-l,£;(lT"') 


+ 1) - 1) + 


-13(1^"') _ 


f 2) H 


h 1 


/ n- 
= (^J 


-l,_E((7i"-') 


-i,is(c/r-i)-j ^ 




n-l,E{U" 




-3 




-i,E{ur') 


-i.Eiur')^ ^ 




,n-l,_E(C/i" 




f 3 


= C-^ 














= tn,j ^ 


- + 1 + 1) + 
" tnj + l + 2, 


2 











(63) 

and thus, Conclusions 5 and 6 follow immediately. □ 

1. Calculation of i^r„(£'r/«e)- 

By dH]), ^ and Property B, we have that 

= t^r„ ( OutK5_^xR=_5(£'bke) ) + i'r„ ( InR5_^xR5_^(£'^;„J ) 
= i^r„ ( OutR5 ^ xR5_^ (£;^';„J ) + 8 • i/r„ ( In(Ki«e) ) 

= 2.i.r„(OutK5_^,R5^( y J^i([/ruFi")))+8-z.r„(ln( (J MU^i U V^^,)) ) . (64) 
Now we calculate z/r„ ( OutR5_ ^ x . ( U J^t ( U ^j" ) ) ) . 

i G { — , n } 

By (HU, (021); Inductive rule for the drawing of -E^Jue Property B, we have that 

ur„ ( OutR5_^xR=_, (A(Fi")) ) = 0, (65) 

ur„ ( OutR5_^xRl, (A(l^i")), OutK5_^xR^_, (^-n(n") U ^-„(C/r) U A(f/r)) ) = 0, (66) 
and that for any two distinct integers j, fc G [1, 2"^"^], 

i.r„ ( OutK._^xRi,(^-nWj)U^-n«,,)UA«,)), Out^.^^ ^Ri, (=^-n Kfe )U^-n «fc )U^„ «fe)) ) - 0, (67) 

and furthermore that for every j € [1, 2"~^], 

( Outu5_^xR^_, (^-n Wj) U J^niK,) U A«j)) ) = 1 (68) 

which arc shown in Figure 3.3 for example. In Figure 3.3, P^n {P^n ) denotes the 'point' at which In^s ^ ^Rj^ (-^£(mi j)) 
(Injj5 ^xRg(=-'^c('^"j))) ^i^d the line x ~ —5 cross each other, and P^^ , {Py^ .) denotes the 'point' at which 
Inj{5 ^xro j. i'^ei'U'i j)) (Iurs j_xR° r (^e(''^rj))) 8.nd the line x ~ —5 cross each other, where e G {— ?^, n}. 

Combined §7^1 and dSH]), we conclude that 

i^r„(0utK5_^xRi,( U ^t(f/i"UFi"))) =2"-3. (69) 

Next we calculate i/r„ ( In( IJ A{Ul]i U Fi"i)) ) . 

t&{-n,n} 
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p-^p~^p^^ p^^ p~^' p-^"- 

1,J liJ 3, J 3,j 3,j 

(1) 




(2) 



Figure 3.3: An auxiliary graph for the drawing of Outg5 ^xh^ ^(^Wue) 

By Inductive rule for the drawing of and Observation 12. 1[ we have that 

^r„(ln( U A{UI],)))=0, (70) 

^.r„(ln( U A{U^,^)),H U MVi:^)))=0, (71) 

n,n} n,n} 

and that 




where 

(^"2"') crossings are produced between {In(A(i'i,j)) : j e [2"-* - 2"-*^ + 1, 2"-*]} and {ln{y-n{vl\jj) : j e 
[2"-4 _ 2"-6 + l,2"-4]}^ 

(^"2"") crossings are produced between {In(j^„(t;^' ,,.)) : j e [2"-^ + 1^ 2"-^ + 2"~^]} and {In(j^^_„(w^ ,,.)) : j e 
[2"-5 + 1^2"-^ + 2"-^]}, 

crossings are produced between {In(j^'„(u'i'j)) : j e [2""H2"-'^+l, 2"--'^+2"-6]} and {In(j2^_„(w5"j)) : 
j g j2"-5 + 2"^"^ + 1, 2""^ + 2""'^]}. 

Combined ^ and ([71]), we have 




Therefore, it follows from dHU), (Uni) and that 




2. Calculation of i/r„(£';erf). 

By (P7|) . (|^T|) . Inductive rule for the drawing of and Property B, we have that 

^r„ (Ke,) = 8 • t.r„ ( In( (J ^t(C/i"i U y^-i)) ) + 2 • ^.r,. ( ^2(C/i"i U V^,), y^iUl], U yi':^) ) . (75) 
te{i,2} 

Now we calculate z/r„ ( In( IJ A {U^i U Vi"i)) ) . 

t6{l,2} 
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By Inductive rule for the drawing of ii'^ej; and Observation [5TT1 we have that 

z.r„(ln( U A{Ul],))) = i 2 +3.2"-«.2"-« (76) 
te{i,2} ^ ^ 

where 

(^"2"') crossings are produced between {In(^i(M5'^.)) : j e [2"-^ _ 2"-6 + 1,2"-"]} and {In(^2(uij)) : j e 
3.2"-6.2«-6 crossings are produced between {ln{^i{u'l j)) : j e [2"-* - 2"-^ _^ 1, 2""^]} and {In(j^2Kj)) : 

je [i,2"-4_2"-6]}^ 

and that 

^.r„(ln( U ■yt{V{:,))) = ( 2 (77) 
te{i,2} ^ ^ 

where ( , ) crossings are produced between {In(j^i (w^' ,,)) : j e [1,2"-"^]} and {In(j^2(wij)) : j e [1,2""-*]}, 
and that 

^r„ ( In( U ^t(C/i"i)), In( |J AiVr,^)) ) = 3 • 2"-^ • 2"-^ + 2""^ • 2""^ (78) 
te{i,2} te{i,2} 

where 

3 . 2"-7 . 2"-4 crossings are produced between {In(j^2«j)) : j e [1,2"-^ _^ 2"~^]} and {In(^i(w5'j)) : j e 
[l,2"-4]}, 

2>i-6 . 2"-5 crossings are produced between {In(j^2(Mi j)) : j S [2"-'^ + 2""'^ + 1,2"-^ + 2"-"^]} and 
{My.ivl^)): J e [2^-^ + 1,2^-^]}. 

Combined ^ and ([751), we have 

i^r„(ln( U A{Ul,UV,-,))) 
te{i,2} 

= ( f ^ j + 3 • 2"-^ • 2"-^ ) + ( 2 j + ( 3 • 2"-^ • 2"-'' + 2"-*' ■ 2""^ ) 

= 39 • 22"-^3 _ 5 . 2»-7_ (79) 

On the other hand, it is easy to see that 

IT,, ( >^2(C/£i U Fi"i), J^2([/"2 U Vi"2) ) = 2"-^ ■ 2"-3 = 4"-3. (80) 

Therefore, it fohows from ([TS]), dH]) and §^ that 

^r„ (£^"ed) = 8 • ( 39 ■ 22"-i3 _ 5 . 2"-7 ) + 2 • 4""=^ = 71 • 22"-!° - 5 ■ 2""^ (81) 

3. Calculation of i^rAE^iack)- 

By Property B and Lemma |2. 11 we have 

= 4 • ( vrMU'l)) + '^rAEiVr)) + '^rAEWi, ^1"]) 

+ urAEplW^], E{U^)) + iyrjE[U^^Vri E{Vl')) ). (82) 
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By Lenima r2.10[ we have 



l|1.4'--(4.(n-5)^ + 23.(n-5) + Hi-l:il±i^ia).2"- 



3 V . / ' V / ' 3 g 

2^" " - (4n^ - 17?H i ^ 

3 ^ 3 6 



By (ini), (El]), ([331), (IMl), (ISZl) and Conclusion 4 in Lemma we have 

and by ((30)) and Lemma [2.61 we have 

i^rAEm^V,-], EiU^))^:.rAEm,V{^], E{V^)) 
= 2-Ci""^^ 

= 2.(^.4"-4-(2.(n-5) + H + I:ii±hl)r!)).2"-5) 
= ^•2---(2n-^ + l:ll±^iQ).2"-. 

Therefore, it follows from (|H2), (US]), (|M1) and dHS]) that 

-rAEliacu) - 4.(|.2^"-i°-(4n2-17n+|-l:il±^lQ).2"-5 + 2"-4 
+ ^.2---(2„-iI + I:li±^iQ).2"-3) 
= 59 • 22"-8 _ ^4^2 _ 9„ _ 6) • 2"-3 - 7 • (1 + (-1)""^) • 2""''. 

4. Calculation of yrSEred^ E^i^^^). 

By Property B and Lemma [2. 11 we have that 

= 8.;.r„(ln(i?,",,), ME^iack)) 

= 8 • ;.r„ ( In( U Jt{Ul, U V^,)), ln{E{U^ U V^i")) ) 
te{i,2} 

= 8.(z.rJIn( U ^*(f/r,i)), In(m"))) + ^r„(In( (J J^*(C/i:i)), ^",1, V^/:i]) 
te{i,2} te{i,2} 

te{i.2} te{i,2} 

+ :.r„(In( U A{Vl\)), E[Ul,,Vl],]) + vr,AM [j A{Vr,i)), ME{Vr))) ) 
tG{l,2} te{i,2} 

By Observation Lemma Lemma 1^771 and Inductive rule for the drawing of E^^^, we have that 

^r„(ln( U yt{Ul,)), Mm"))) 
te{i,2} 

E ( (^^""'\ ^]""'^) + <^l"-5)(f z]"-^)) ) 



335 . ^„_, _ 100 7.(l + (-l)"-^) . ^„.3, 

3 ^3 3 ^ ' 
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and that 

^r„(ln( U AiUl],)), E[U^^„V,y])^2-2-^ ^ j+^'^A 2 j+^A 2 j + 2 ' 3 • 2"-« ■ 2"-^ (89) 
where 

2 • 2 • (^■^2~') crossmgs are produced between {In(j^2(u5'j)) : j G [1, 2""^ + 2""^] U [2"-^ + 2""^ + 1, 2"-4]} 
andi?[C/i"i,y/:i]; 

2-2-f"^"') crossings are produced between {In(j^2 K.J )) ■ j G [2"-6+2"-7+l, 2"-5+2"-^]} and £;[;7i"i, Vi"i]; 
2 • (^'7°) + 2 • 3 ■ 2"-s • 2"-^ crossings are produced between {In(j^i«j)) : j G [2""^ + 2""^ + 1, 2"-*]} and 

and that 

t'r„ ( In( IJ ytiUl\)), IniEiV^')) ) = 4 • 2"-^ • 2""^ + 2 • 2""^ ■ 3 • 2""^ (90) 

t6{l,2} 

where 

4 . 2"-5 . 2"-6 crossings are produced between {In(j^2(Mi j)) : j G [2"-^^ + 2""'^ + 1,2"-^ + 2"^'^]} and 

2 • 2"-4 . 3 • 2"-^ crossings are produced between {In(^2«j)) : j G [2""^ + 2""'^ + 1, 2"-^]} and In(£;(Vi")), 
and that 

^rAM U ^^(^m)), In(gAi")) ) = 2 ■ 1 ■ Ci"-^) ^ I ■ 4"-^ ' (2» ' y + ^ g'^^"^ ) ' 2"-^ (91) 
te{i,2} 

and that 

z^rAM U ^*Ai"i)), Mm"))) =0, (92) 

and that 

z^rAM U ^*(n':i)), i?[C/i"i,n':i])=0. (93) 

ie{l,2} 

Therefore, it fohows from (|H71), (|HH1), (jHll), (ffl), (ED, and Q that 

i.r„(£;;ed, ^^Macfc) = 8 • (389 • 2^"-^^ - {n - I) ■ 2"-' + 7 ■ (1 + (-1)""^) • 2""« ) 

= 389-22"-"-(7i-l)-2" + 7-(l + (-l)"-i)-2"-^ (94) 

5. Calculation of i/r„ (i^.^e : ^^"e J • 

By (P?]). Property B and Lemma ETTl we have that 

'^r„(-E^,„e:-£^reci) 

= 8 • i/rA In( U -^^(Ki U ^m)), In( U AiUl, U y^-i)) ) 

te{-n.n} te{l,2} 

= S-i^rAM U ^*(C^i"i))Uln( U ^*(\/i"i)), In( |J ^,([/£i)) U In( |J AiVr.,)) ) 

= 8.(:.r„(In( U ^,([/£i)), In( (J ^,(L^A))) + ^r„ (M (J ^*(f/iA)), M (J ^*(V^A))) 

te{-n,n} *6{1.2} te{-n,n} te{1.2} 

+ ^r„(In( U A{Vrs)),M[J A{Ul,)))+,yrAH U ^*(^i"i)), M IJ '^*(^m))) ) 

tG{-n,n} te{l,2} te{-n,n} «G{1,2} 

(95) 
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By Inductive rule for the drawing of Inductive rule for the drawing of S^jug and Observation 12. 1[ we 

have that 

^.r„(ln( U A{Ul^)),H [j AiVr,,)))=0, (96) 

te{-n,n} tG{l,2} 



and that 

/^n— 5 t on— 6\ 

^r,.(ln( U A{Ul,)),H \J y,{Ul,)))=2.r ^ ) (97) 

te{-n,n} t6{l,2} ^ ^ 



where 2 • ') crossings are produced between In( IJ J^t(C/"i)) and {In(j^i (u^'j)) : j e [1,2""^ + 

and that 

z.r„(ln( U In( (J MVr,^)) ) = 2 ■ ( ^ j (98) 

te{-n,n} te{i,2} ^ ^ 

where 2 • 2 ) crossings are produced between {In(^„(t;"j)) : j G [1,2"^^]} and {In( IJ -'^t(wi'.j)) : j G 

te{i,2} 

[l,2"-5]}. 

It remains to calculate z/r„ ( In( U -^((^m)), In( U ■^t{U^,i)) ) ■ 

te{-n,n} ' te{l,2} 

By Lemma |3.1[ we have that 

Snjx2"-7 + l = 2 • S„_i^jx2"-s+l = 2^ • S„_2,jx2"-9+l = • • • = 2" ® • S8,2j + 1 (99) 

for all j G [0,23], 
and that 

■Sn,jx2i-7 = •5n-l,jx2"-s + Sn-l,jx2"-s + l 

= Sn-2,jx2"-° + 5n-2,jx2"-3 + l + 2 • Sn-2 j"x2'>-9 + l 
= Sn-2,jx2"-'' + (2^ — 1) • S„_2jx2"-s> + l 
= S„_3jx2"-io + (2'' — 1) • S„_3 ,,x2"-io + l 

= S8,2j + (2"-« - 1) ■ S8,2j + 1 (100) 

for aU j e [1,2^]. 

By ([M)) and Lemma [XTl wc have that 

■Sn,ix2"-7+2 = S„ 2-(jx2"-8 + l) 

= Sn-l jx2"-s + l + Sji-i jx2"-**+2 

= 2 • S„-2,jx2'»-'' + l + 'Sn-2j"x2"-'' + l + 511-2 j"x2'»-''+2 

= (2^ — 1) ■ S„_2,jx2"->3 + l + 5„--2jx2"-9+2 

= (2^^ — 1) ■ S„_3 ,,x2"-io + l + 5„-3,jx2"-io+2 

= (2"-8 _ 1) . 2^.^^ + 2j>2 (101) 



for aU j e [1,23 - 1]. 
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By dnni), ([TU(7| and Lemma [S3 we have that 



i=i 


2""^ + ! 

= 2 ^ s„_ij + 

2""^ + l 

= 4 ^ Sn-l,j - 

J = l 

2"^^ + l 
/f \ " 

J=l 

2"-^ + l 

= 4 ^ s„_i,j - 




Sn-l,j+l) 




rhn — 9 

2 • S8,17 - 


2 • S8,l 




(S8,17 + S8,l) 






2"'" + ! 
= 42 ^ S„_2j- 

i=i 


~ (S8,17 + ssa 


1 

^ 2^-9+] 



2* + l n-9 
= 4"-8 ^ - (S8.17 + S8.1) J2 2""'+-'' 

J = l j=0 
2'' + l 

= 4"-^ X S8,j - 7 • 22"-i5 + 7 • 2"-^. (102) 



It is easy to verify the following 



SS,1 


SS,2 


S8.3 


S8,4 


SB, 5 


S8,6 


S8,7 


S8,8 


S8,9 


S8,10 


S8,ll 


S8,12 


S8,13 


S8,14 


S8,15 


S8,16 


S8,17 


22 


20 


18 


16 


14 


12 


10 


10 


10 


8 


6 


6 


6 


6 


6 


6 


6 



Table 3.1: The values of ssj for j G [1, 2"* + 1] 
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By dnH), (Unni), (UnU, dm), Property A , Assertion C, Lemma [XT] and Table 3.1, we conclude that 

^r„(ln( U A{V,y)), H [j AiUl],))) 

= ^r„(in(^-„(Fi':i)), in( |J AiK,)) ) + { Hyn{v,y)), M U A{Ul,))) 

t6{l,2} t6{l,2} 

2^-4 

= ( S„j- + (s„ 2"-6 + l ~ Sn,2"-8) + (5n,2"-6+2'>-7 + l ~ 5„ 2'>-<5+2i-7 ) + ('Sn,2"- = + l ~ 5n,2'>-5) 

J = l 

+ (Sn,2"- = +2"-7 + l ^ S„ 2"-5+2'>-'') + (Sn,2"--"S+2"-6 + l — S„^2"-s+2"-6 ) 
2n-4 

+ X] («"J + 1 - ) 

j=2"-5+2"~'3+2 

I / on — 5 „ I on— 7 „ t on— 8 „ i on — 8 „ i on— 6 „ \ 

+ ^ • Sna + ^ • Sn,2"-5 + l + ^ " ■Sn,2"-5+2"-" + l + ^ ' •Sn,2"-5+2"-6 + l + ^ " Sti,2"-^ + 1 ) 

2""'* + l 6 6 

= ( '^"j' + SnJx2"-'' + l ~ ■Sn,,7X2"-^ ~ ■S7i,6x2"-^+2 ) 

J = l i=2 J=2 

+ ( 2" ^ • S„^i + 2" • S„.4x2"-7+l +2" ® • S„,5x2"-^ + l +2" ^ • S„^6x2"-~+l +2" ® ■ S„ gx2"-'' + i ) 
2* + l 6 6 

= ( (4"-« ^ Ss,, - 7 • 22-15 + 7 . 2"-^) + ^ 2"-« . S8,2, + l - 5](S8.2, + (2"-« - 1) • S8,2, + l) 
i=l j=2 J=2 

- ((2"-« - 1) . ss,i3 + ssm) ) 
+ ( 2"-5 • 2"~* • S8,i + 2"^^ • 2"-« • S8,9 + 2"-s ■ 2"-« • S8,ii + 2"-^ ■ 2""* • sgas + 2""^ • 2""^ • sga? ) 
= ( (182 ■ 22"-i6 _ 7 . 22"-i5 + 7 • 2"-^) + 46 • 2"-^ - (52 + 46 • (2"-^ - 1)) - (6 • (2"-^ - 1) + 6) ) 

+ ( 22 • 22"-13 ^ . 22n-15 _^ g . 22n-16 _^ g . 22n-16 _^ g . 22n-14 j 

= 25 ■ 22"-i2 ^ 2"-5 _ 6. (103) 
Therefore, it follows from (|95|), dM]), dlB, dMl) and (fT03)) that 

/o . 2"~6\ /on-SX 

i.r.(£;S„e,£^;ed) = 8.(2. 2 j+0 + 2-(^ 2 j + (25 • 22-12 + 2"-^ - 6) ) 

= 19 . 22"-8 - 3 . 2"-^ - 48. (104) 

6. Calculation oi i^rAKiue^ Kiack)- 

By Property B and Lemma [2. II we have that 

^r„(£'bke, -Ewacfc) 
= 8.;.r„(ln(i?Sne), MKack)) 

= 8 . z.r„ ( In( U .A (Ul, U V.^^)), HE{U^ U VD) ) 

te{-n,n} 

= 8 . ( z.r„(In( U A{Ul,)), In(i?(C/r U VD)) + ^r„(In( (J ^t(n\))> Hm" U ^i"))) ) 
= 8 . ( z.r„ (In( U A{Ul,)), ln{E{U^ U 14"))) 

te{-n,n} 

+ i^r„(iii( U A{v,-^)),HE{u^)uE[u-,vr])) + ,^TAH U ^t(Fi'.\)), in(ii;(T/n)) ) 

t^{ — n,n} t^{ — n. 71} 

(105) 



32 



By Lemma 12. 6[ Lemma 12.71 and Induetive rule for the drawing of -E";„g , we have that 

( In( U ^t(t^r,i)), In(i?(t/r U VD) ) 

= ;.r„(ln( U ^t(C/i"i)), Mm"))) 



and 



(n-5) 



- -4 



)i-4 



(2n- — 



14 , 7(1 + (-1)"), ^„_5 



6 



) •2'^ 



(106) 



i^r„(ln( U .AiV,-,)),HEiVn)) 

^r„( In(^-„(y/:i)), In(i?(Fi")) ) + z.r„ ( In( A(l^i"i)), HEiVD) ) 

i.r„( In(^_„(n"i)), In(i?(n")) ) + ^^r„ ( {In(A«,)) : J e [1,2-^]}, In(i?(n")) ) 

+ i.r„ ( {In(^„«^.)) : J & P""' + 1, 2"-^]}, ln{E{Vn) ) 



-,(ri-.5) 



^ <rj""^'(£:("-5 



E 



,(n-5)^£.(,i-5) 



17 7-(l + (-l)"-i) 

y ^ 6~ 

28 7-(l-F 
34 7 -(1 4 
29 7-(l + (- 

3 ' " y ^ 6 



35.2.„-i3_(4,_ 28 7j_+Mn 
3 ^3 3 ^ 

- • 22"-i3 - (4n - - 
3 ^ 3 



79 ,2n-i2 _ _ 29 , 7.(l + (-l)"-i) 



■2' 



34 , 7-(l + (-l)"-^^ 2»-8 
) • 2"-^ 



(107) 



It remains to calculate z^r„(In( U ^t(^i"i))> ME{Ul') U £;[C/f , V^])). 
Similarly as {99]), ([T00| - ([TOT|) and (|T02|) . we can derive that 



and that 



and that 



and that 



i„jx2"-T+i = 2"-« • t8,2j+i for aU j € [0, 2^], 
„jx2"-^ = t8,2j + (2"-*^ - 1) • t8,2j+i + 2 • (n - 8) for aU j e [1, 2^], 



n,jx2' 



-7+2 = (2"-' - 1) • ts,2j+i + h,2j+2 + 2 • (71 - 8) for aU j G [1, r - 1], 



2"-" + ! 



2* + l 
3 = i 



8j- 



It is easy to verify the following 



(108) 
(109) 

(110) 
(111) 



^8,1 


is, 2 


is, 3 


is, 4 


is, 5 


is, 6 


is, 7 


is,s 


is, 9 


is, 10 


is, 11 


is, 12 


is, 13 


is, 14 


is, 15 


is, 16 


is, 17 





10 


16 


22 


24 


30 


32 


34 


32 


38 


40 


42 


40 


42 


40 


38 


32 



Table 3.2: The values of tsj for j e [1, 2* + 1] 



Notice that 
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By (g?!), dSni), (051), dil]), (Ull), Lemma Property A, Assertion C and Table 3.2, we conclude that 
z.r„ ( In( U A{V{^,,)), ME{U^) U E[U^ , V,-]) ) 

i £ { — n , n } 

= ( In(j^_„(V\"i)), In(£;(C/r) U £;[(7r, V^) ) 

+ j.r„( In(J^„(K,\)), In(£;(C/r)) ) + z.r„ ( In( i?[C/i"i, ) 

= ( in,j + (^n,2"-e + l — in,2"-e) + (in,2"-6+2"-'!' + l ~ tn,2"~<^ +2"-'') + ('^n,2"-s + l ~ ^n,2"-5) 

J = l 

+ (in,2"- = +2"-7 + l ~ *n,2"-5+2"-'') + (^n,2"- = +2"-<3 + l ~ *n,2"-5+2"-6 ) 
2^-4 

+ ^ + 1 ^ ^n,i) ) 

j"=2"-E'+2"-6+2 

I /' on — 5 J- I on — 7 j. _i_ on— 8 j- _i_ o^~8 -/- i on — 6 j- 

"T 1^ ^ ■ ''n.l I ^ ■ '-n,2"- = + l ^ ' ''n,2"-5+2"-^ + l ^ ' ''n,2"- = +2"-i3 + l ^ ' '-n,2 

2-("„ )+2-2. 



2"-* 

in,j + (^n,2'«-6 + l — ^n,2"-6) + (^n,2"-6+2"-'' + l ~ ^n,2"-6+2"-'') + (in,2"-f' + l ^ ^n,2'«-5) 

J = l 

+ (in,2"- = +2"-^ + l ~ *n,2"-5+2"-'') + ('^n,2"-^+2"-'5 + l ~ tn,2"-^+2"'-^) 
j=2"- = +2"-6+2 

1^ ^ ■ In,! + ^ ■ In,2"-f' + l + ^ ' Cn,2"-5+2"-'' + l + ^ ' rn,2"-s+2"-e + l + ^ ' '^n,2 
in — 7\ /on — 8\ /on — 

2. 1+2.2. ^ ^ 



2 

2""*+l 6 6 

( 5Z '■"'J $Z ^",Jx2'»-^ + l ~ tn,jx2^-~ ~ ^n,6x2"-''+2 ) 

+ 1^ ^ ■ rn,4x2"-'' + l + ^ ■ rn,5x2"-'' + l + ^ ' rn,6x2"-' + l + ^ ' rn,8x2"-7 + l 

+ ( 11 ■ 22""i''^ - 2""^ ) 

2* + l 6 6 

( 4"-' E t8,, + E 2""' • i8,2,+i - E(i8,2, + (2"-« - 1) • t8,2,+i + 2 • (n - 8)) 

J = l J=2 i=2 

- ((2"-8 - 1) . t8,i3 + ts^i4 + 2 • (n - 8)) ) 

+ ( 2"-^ • 2"-^ • ^8,9 + 2""* • 2"-* • ^8,11 + 2""® • 2"~® • i843 + 2""^ • 2"-« • ^8,17 ) 
+ ( 11 ■ 2^"^^^ - 2"-^ ) 

( 512 • 22"-i6 + 168 • 2"-^ - (166 + 168 • (2""^ - 1) + 10 • (n - 8)) 

- (40 • (2"-» - 1) + 42 + 2 ■ (n - 8)) ) 

+ ( 32 • 22""i5 + 40 • 2"-!^ + 40 • 2^"^-^^ + 32 • 2"-!^ ) 

+ ( 11 • 2^""^^ - 2"-^ ) 

403 • 22"-!^ - 3 • 2"--* - 1271 + 96. 
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Therefore, it follows from ([TU5|) . ([TUB]) . dTUT]) and pi^ that 

7 - 14 7('l + f-l I'M 

:.r„(£;S„e,KMc.) = 8.(^.4"-^-(2n--+ +^ ^ ^ ■ 2" 

+ 403 • 22"-i5 _ 3 . 2"-4 - I2n + 96 



+ f . 2-- - (4n - f + ^■(^ + (-^)"'^)) . 2"- ) 

8.(4^. 2— - (8n - H + Mi±Mn ) . 2- - 12n + 96 ) 

^ . 22"-i2 _ (8n - ^ + Ml±Lin) . 2»-3 - 96n + 768. (113) 
3 3 6 



By dUl), (EH), (IMl), (Unil), dSll) and (Uni), for ?7. > 8, we have that 

= ( 11 • 2^"-" + 2""3 ) 

+ f 71 • 22"-io _ 5 . 2"-4 ) 

+ ( 59 ■ 22"-8 - (4n2 - 9n - 6) ■ 2"-^ - 7 . (i + (-l)"-i) • 2""^ ) 
+ ( 19 • 22"-8 - 3 • 2"-3 _ 48 j 

+ ( 389 • 22"-" - (n - 1) ■ 2" + 7 • (1 + (-1)""^) • 2"-^ ) 
^ j 2^7 . 22n-i2 _ (8„ _ w ^ Zii+^-in ) . 2"-3 - 96n + 768 ) 
^ 19|67 . 22«-i3 „ (8„2 ^ i4„ „ ^) . 2^-4 _ + ^O+i^iTli) ) . 2"-5 _ 96n + 720 

^ 19367 . 22«-13 _ (8„2 ^ ^4^^ _ 71 ) . 2^-4 _ r-d + i-l)-') _ gg^ + 72O 

< ™ ■ 22"-i3 - (8n2 + 14n - If) ■ 2"-^ 

< ™ • 22"-i3 - (8n2 + 14n - ^) ■ 2"-4 
807 • 4"-5 _ (4^2 + 7„ „ 12) • 2"-3 

< § -4" - (2n2 + |n~ 6) • 2"-2. 

This completes the proof of Theorem 11.11 □ 



4 Concluding remarks 

In this section, we make a study of the crossing number of AQn for n < 7. It is clear that cr{AQi) = cr{AQ2) = 
0. In Figure 4.1 (1), we show a drawing of AQ^ with 4 crossings, it means cr^AQ^) < 4. Since AQ^ contains a 
subgraph isomorphic to we have cr{AQ3) > cr{K4^4) = 4. Hence, 

Proposition 4.1. cr{AQ3) ~ 4. 

Meanwhile, in Figure 4.1 (2)-(3), Figure 4.2 and Figure 4.3 we show the drawings of AQ4, AQ^, AQq and 
AQ-^ with 46, 328, 1848 and 9112 crossings, respectively. Wc remark that the calculations of crossings in the 
following drawings which are given in Figures 4.1-4.3 are similar to vr„{AQn) for n > 8, and omit them here. 
Hence, wc have the following 

Proposition 4.2. cr{AQ4) < 46, cr{AQ5) < 328, cr{AQe) < 1848, cr{AQr) < 9112. 

In the final of this paper, by just applying the same technique of congestions proposed by Lcighton [l9| . we 
can obtain the following lower bound: 

4" 17 

> 5x(l + 22-")2 - (4"' + 4" + 
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(2) cr(AQi)<i& (3) cr(AQ5)<328 

Figure 4.1: Some drawings of AQ-i, AQ4 and AQ5 
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cr{AQr) < 9112 



Figure 4.3: A drawing of AQ7 with 9112 crossings 
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